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Abstract. We show that a projective space P°°(Z/2) endowed with the Alexandrov topology 
is a classifying space for finite closed coverings of compact quantum spaces in the sense that any 
such a covering is functorially equivalent to a sheaf over this projective space. In technical terms, 
we prove that the category of finitely supported flabby sheaves of algebras is equivalent to the cat- 
egory of algebras with a finite set of ideals that intersect to zero and generate a distributive lattice. 
In particular, the Gelfand transform allows us to view finite closed coverings of compact Haus- 
dorff spaces as flabby sheaves of commutative C*-algebras over P°°(Z/2). As a noncommutative 
example, we construct from Toeplitz cubes a quantum projective space whose defining covering 
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Introduction 

Motivation. In the day-to-day practice of the mathematical art, one can see a recurrent theme 
of reducing a complicated mathematical construct into its simpler constituents, and then putting 
these constituents together using gluing data that prescribes how these pieces fit together con- 
sistently. The (now) classical manifestation of such gluing arguments in various flavours of 
geometry is the concept of a sheaf on a topological space, or more generally on a topos. Another 
manifestation of such gluing arguments appeared in noncommutative geometry as the descrip- 
tion of a noncommutative space via a finite closed covering. Here a covering is defined as a 
distinguished finite set of ideals that intersect to zero and generate a distributive lattice [[T9ll . This 
can be considered as a noncommutative analogue of [45, Prop. 1.10]. 

Manifolds without boundary fit particularly well this piecewise approach because they are 
defined as spaces that are locally diffeomorphic to M". Thus a manifold appears assembled from 
standard pieces by the gluing data. The standard pieces are contractible — they are homeomor- 
phic to a ball. They encode only the dimension of a manifold. All the rest, topological properties 
of the manifold included, are described by the gluing data. The aim of this article is to explore the 
method of constructing noncommutative deformations of manifolds by deforming the standard 
pieces. This method is an alternative to the global deformation methods. Thus it is expected to 
yield new examples or provide a new perspective on already known cases. 

Main results. Following lfT9ll . we express the gluing data of a compact Hausdorff space as a 
sheaf of algebras over a certain universal topological space, and extend it to the noncommutative 
setting. This universal topological space is explicitly constructed as the infinite Z/2-projective 
space P°°(Z/2) endowed with the Alexandrov topology. The advantages of this new theorem over 
its predecessor [fT9l Cor. 4.3] are twofold. First, it considers coverings rather than topologically 
unnatural ordered coverings. To this end, we need to construct more refined morphisms between 
sheaves than natural transformations. Next, as P°°(Z/2) := colimitAr^oIP^(^/2), it takes care of 
all finite coverings at once. 

Theorem 12.131 The category of finite coverings of algebras is equivalent to the category of 
finitely-supported flabby sheaves of algebras over P°^(Z/2) whose morphisms are obtained by 
taking a certain quotient of the usual class of morphisms enlarged by the actions of a speciflc 
family of endofunctors. 

Our second main result concerns a new noncommutative deformation of complex projective 
space and the lattice generated its covering. The guiding principle of our deformation is to 
preserve the gluing data of this manifold while deforming the standard pieces. We refine the 
affine covering of a complex projective space to the Cartesian powers of unit discs, and replace 
the algebra of continuous functions on the disc by the Toeplitz algebra commonly regarded as 
the algebra of a quantum disc Il24l . The main point here is that we preserve the freeness property 
enjoyed by the lattive generated by the affine covering of a complex projective space: 

Theorem|3i7l Let C(P^(T)) C Hilo C*-algebra of the Toeplitz quantum projective 

space, and let t^i: C(P^(T)) 7"®^^ i ^ {0, . . . , A^}, be the family of restrictions of the 
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canonical projections onto the components. Then the family of ideals {ker ttj | ^ i ^ A^} 
generates a free distributive lattice. 

Sheaves, patterns, and P-diagrams. The idea of using lattices to study closed coverings of 
noncommutative spaces has already been widely studied (see [l26l). The coverings are closed to 
afford the C* -algebraic description. Therefore, a natural framework for coverings uses sheaf- like 
objects defined on the lattice of closed subsets of a topological space, or more generally, topoi 
modelled upon finite closed coverings of topological spaces. Interestingly, the original defini- 
tion of sheaves by Leray was given in terms of the lattice of closed subspaces of a topological 
space ETl p. 303]. This definition changed in the subsequent years into the nowadays standard 
open-set formulation for various reasons. 

Recently, however, a closed-set approach re-appeared in the form sheaf-like objects called 
patterns (301. We show in Proposition II . 191 that for our combinatorial models based on finite 
Alexandrov spaces, the distinction between sheaves and patterns is immaterial. Another refor- 
mulation of sheaves over Alexandrov spaces is given by the concept of a P-diagram. It is widely 
known among commutative algebraists (e.g., see [10, Prop. 6.6] and [45, p. 174]) that any sheaf 
on an Alexandrov space P can be recovered from its P-diagram (cf. Theorem ll.21|) . See also [fTTll 
for a different approach. 

Noncommutative projective spaces as homogeneous spaces over quantum groups. Complex 
projective spaces are fundamental examples of compact manifolds without boundary. They can 
be viewed as the quotient spaces of odd-dimensional spheres divided by an action of the group 
f/(l) of unitary complex numbers. This presentation allows for a noncommutative deforma- 
tion coming from the world of compact quantum groups via Soibelman-Vaksman spheres. This 
construction has been widely studied, and recently entered the very heart of noncommutative 
geometry via the study of Dirac operators on the thus constructed quantum projective spaces |jTl. 

Recall that the C*-algebra C{CP^) of functions on a quantum projective space, as defined 
by Soibelman and Vaksman [44], is the invariant subalgebra for an action of f/(l) on the C*- 
algebra of the odd-dimensional quantum sphere C{Sg^^^) (cf. [i31in . By analyzing the space of 
characters, we want to show that this C*-algebra is not isomorphic to the C*-algebra C(P^(T)) 
of the Toeplitz quantum projective space proposed in this paper, unless = 0. To this end, we 
observe first that one can easily see from Definition [X2l that the space of characters on C(P^(T)) 
contains the iV-torus. On the other hand, since C{CP^) is a graph C*-algebra [|2T]| . its space 
of characters is at most a circle. Hence these C*-algebras can coincide only for = 0, 1. For 
= 0, they both degenerate to C, and for A^ = 1, they are known to be the standard Podles and 
mirror quantum spheres, respectively. The latter are non-isomorphic, so that the claim follows. 

Better still, one can easily show that the space of characters of the C*-algebras of the 
quantum-group projective spaces admit only one character. Indeed, these C*-algebras are ob- 
tained by iterated extensions by the ideal of compact operators, i.e., for any A^, there is the short 
exact sequence of C*-algebras II21[ eq. 4.1 1]: 

(1) — yJC — > C(CPf ) — > C(CPf-i) — y 0. 
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On the other hand, any character on a C*-algebra containing the ideal K, of compact operators 
must evaluate to on /C, as otherwise it would define a proper ideal in /C, which is impossible. 
Therefore, not only any character on C(CPg^^^) naturally extends to acharacter on C(CPj^), but 
also any character on C{£-P^) naturally descends to a character on C{£-P^^^). Hence the space 
of characters on C{CP^) coincides with the space of characters on C(CP^^^^). Remembering 
that C(CP°) = C, we conclude the claim. 

Outline. Sections 2 and 3 are devoted to the main results of this paper. Section 1 is of prelim- 
inary nature. It is focused on explaining the emergence of the projective space P°°(Z/2) as the 
classifying space of finite coverings. We show how finite closed coverings of compact Hausdorff 
spaces naturally yield finite partition spaces with Alexandrov topology. Then we interpret them 
as projective spaces P^(Z/2) and take the colimit with N ^ oo. We continue with analyz- 
ing in detail the topological properties of P°°(Z/2) to be ready for studying sheaves of algebras 
over P°°(Z/2) — the main objects of Section 2. 

In Section 1, we also present the classical complex projective space P^(C) as the colimit 
of a certain diagram, so that, via the Gelfand transform, we can dualize it to the limit of the 
dual diagram of C*-algebras. It is this construction that we deform (quantize) in Section 3 to 
obtain the C*-algebra of our noncommutative (quantum) complex projective space as a limit 
(multirestricted puUback) of C*-algebras. Since a key tool to study lattice properties of this C*- 
algebra is the Birkhoff Representation Theorem, we explain it at the very beginning of Section 1 . 

Notation and conventions. Throughout the article we fix a ground field k of an arbitrary charac- 
teristic. We assume that all algebras are over k and are associative and unital but not necessarily 
commutative. We will use N and Z to denote the set of natural numbers and the ring of integers, 
respectively. We will assume G N. The finite set {0, . . . , A^} will be denoted by N_ for any 
natural number A^. However, the finite set {0, 1} when viewed as the finite field of 2 elements 
will be denoted by Z/2. We will use 2^ to denote the set of all subsets of an arbitrary set X. If x 
is a sequence of elements from a set X, we will use k(x) to denote the underlying set of elements 
of X. The symbol |X| will stand for the cardinality of the set X. 

1. Primer on lattices and Alexandrov topology 

We first recall definitions and simple facts about ordered sets and lattices to fix notation. Our 
main references on the subject are [|9l [mi40l . 

A set P together with a binary relation ^ is called a partially ordered set, or a poset in short, 
if the relation ^ is (i) reflexive, i.e., p ^ p for any p E P, (ii) transitive, i.e., p ^ q and q ^ r 
implies p ^ r for any p,q,r G P, and (iii) anti- symmetric, i.e., p ^ q and q ^ p implies p = q 
for any p,q G P. If only the conditions (i)-(ii) are satisfied we call ^ a preorder. For every 
preordered set (P, ^) there is an opposite preordered set (P, ^)''p given by P = P°p and p q 
if and only if q ^ p for any p,q E P. 

A poset (P, ^) is called a semi-lattice if for every p,q E P there exists an element pV g such 
that (i) p ^ p V g, (ii) g ^ p V g, and (iii) if r G P is an element which satisfies p ^ r and g ^ r 
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then p V g ^ r. The binary operation V is called the join. A poset is called a lattice if both (P, ^) 
and (P, are semi-lattices. The join operation in P°p is called the meet, and traditionally 
denoted by A. One can equivalently define a lattice P as a set with two binary associative 
commutative and idempotent operations V and A. These operations satisfy two absorption laws: 
p = py {p A q) and p = p A (p V g) for any p, g G P. A lattice (P, V, A) is called distributive 
if one has p A (g V r) = (p A g) V (p A r) for any p,q,r E P. Note that one can prove that the 
distributivity of meet over join we have here is equivalent to the distributivity of join over meet. 

Let (P, ^) be an ordered set, and let '\p = {q E P\ p ^ q} for any p E P. As a natural 
extension of notation, we define "[U := IJpGC/ U C P. The sets U C P that satisfy 

U = are called upper sets or dual order ideals. The topological space we obtain from an 
ordered set using the upper sets as open sets is called an Alexandrov space. Note that a set U is 
open in the Alexandrov topology if and only if for any u E U one has |m C U. 

Next, let A be any lattice. Element c G A is called meet irreducible if 

{l)c = a/\h =^ (c = a or c = b), 
(2) 3 A G A : A ^ c. 

The set of meet irreducible elements of the lattice A is denoted A^(A). The join irreducibles 
J'(A) are defined dually. Celebrated Birkhoff's Representation Theorem [8j states that, if A is a 
finite distributive lattice, then the map 

(2) A 9 a I — ^ {x E MiA) \ x ^ a} = A^(A) n^aE Up(A^(A)) 

assigning to a the set of all meet irreducible elements greater or equal then a is a lattice isomor- 
phism between A and the lattice Up(A^ (A)) of upper sets of meet-irreducible elements of A with 
the set intersection and union as its join and meet, respectively. We refer to this isomorphism as 
the Birkhoff transform. Let us observe that it is analogous to the Gelfand transform: every finite 
distributive lattice is the lattice of uppersets of a certain poset just as every unital commutative 
C*-algebra is the algebra of continuous functions on a certain compact Hausdorff space. 

1.1. Projective spaces over Z/2 as partition spaces. 

In [|39l . Sorkin defined and investigated the order structure on the spaces here we call partition 
spaces. For the lattice of subsets covering a space, the partition spaces play a role analogous to 
the set of meet- irreducible elements of an arbitrary finite distributive lattice, i.e., they are much 
smaller than lattices themselves while encoding important lattice properties. Sorkin's primary 
objective was to develop finite approximations for topological spaces via their finite open cov- 
erings (see also [[H EH). We will use the dual approach: we will investigate spaces with finite 
closed coverings. See also [|45ll46l for a more algebraic approach. We begin by analyzing prop- 
erties of partition spaces. 

Definition 1.1. Let X be a set and let C = {Co, • • • , Cn} be a finite covering of X, i.e., let 

[jC := [j'Ci = X. For any x E X, we define its support suppc{x) = {C G C| x G C}. A 
preorder -<c on X is defined by x U if and only if suppc{x) ^ suppciy). We also define an 
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equivalence relation ~c by letting x y if and only if suppc{x) = suppc{y). Note that -<c 
induces on X/ ~c <^ partial order This space is called the partition space associated with the 
finite covering C of X. 

Definition 1.2. Let X and C be as before. We use (X, -<c) to denote the set X with its Alexandrov 
topology induced from the preorder relation -<c defined above. 

Example 1.3. Consider a region on the 2-dimensional Euclidean plane covered by three disks in 
generic position, and the corresponding poset, as described below: 




Here an arrow indicates the existence of an order relation between the source and the target. 

Definition 1.4. Let X be a set and C = {Co, . . . , C^} be a finite covering of X. The covering 
C viewed as a subbasis for closed sets induces a topology on X. The space X together with the 
topology induced from C is denoted by (X, C). 

Proposition 1.5. Let X be a set and let C be a finite covering. The Alexandrov topology defined 
by the preorder -<c coincides with the topology in Definition U .4\ 

Proof. We need to prove that a subset L is closed in (X, C) if and only if it is closed in (X, -<c). 
By Lemma [1.1 81 and the definition of Alexandrov topology, we see that sets of the form L{x) = 
{x' E X\ x' -<c x} form a basis for the set of closed sets in {X, ^c)- So, it is enough to prove 
the same statement for L(x) for any x E X. Let 

(4) C,:=f]suppc{x):= f| C 

C&suppc{x) 

We have x' -<c x in X if and only if x' is covered by the same sets from C, or more. In other 
words x' -<c X if and only if x' E Cx, i.e. Cx = L{x). So, both topologies share the same basis 
for the closed sets. The result follows. □ 

Corollary 1.6. The canonical quotient map tt: (X, C) — > (X/ ^c) ci continuous map 
which is both open and closed. 

Proof. The canonical quotient map tt: (X, -<c) (X/r^c^ ^c) is continuous, open and closed 
since tt is an epimorphism of posets, and the preorder relation on the quotient X/ ~c is 
induced by the preorder relation on X, and therefore upper and lower sets (basic open and 
closed sets respectively) in (X, -<c) are sent to corresponding upper and lower sets in (X/ ~c , ^c) • 
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The result follows immediately since {X, C) and the Alexandrov space {X, -<c) are homeomor- 
phic. □ 

Lemma 1.7. Let C be a finite covering of a set X. Let Xj^c he the partition space associated 
with the covering C and tc: X ^ Xj ~c be the canonical surjection on the quotient. Denote by 
Ac the lattice of subsets of X generated by the covering C and by A^(c) the lattice of subsets of 
X/ ~c generated by 7r(C) := {7r(C)| C G C}. The two lattices are isomorphic via the induced 
morphism of lattices 

vr: Ac — ^ K{c), Ai — > 7r(A), 

whose inverse is given by 

Tj-^ ■ A^(c) — ^ Ac, A ^ vr-i(A). 

Proof. Inverse images preserve set unions and intersections. Hence tt"^ is a lattice morphism. 
On the other hand, though in general images preserve only unions, here we have 

(5) 7r(a;) G 7r(Ci) x e Ci 
for any i. It follows that 

7r(x) G 7r(CjJ n ■ ■ ■ n vr(CiJ ^ x G C;, H • ■ ■ H Cj^ 

(6) ^7r(a;) G 7r(C,, n---nCiJ. 

In other words, vr(Cj J fl ■ • • fl vr(Cjj^) is a subset of 7r(Cj^ fl • • ■ fl Ci^). As the containment in the 
other direction always holds, it follows that tt is also a lattice morphism. Since 7r"^(7r(Cj)) = Ci 
for all i, one also sees immediately that vr^^ is the inverse of tt. □ 

Let N_ be the set {0, . . . , N} for any A G N. The projective space over a field k is denoted 
by P^(k). It is defined as the space k^+^ divided by the diagonal action of the non-zero scalars 
k^ := k \ {0}. For k = Z/2, we obtain 

(7) P^(Z/2) := {(zo, . . . , ^v) e (Z/2)^+i| 3i e N, = 1}. 

The projective space F^{Z/2) has a natural poset structure: for any a = {ai)i(zM_ and h = {hi)i(^N_ 
in P^(Z/2) we write a ^ 6 if and only if a, ^ hi for any i E N_. We are ready now to compare 
partition spaces with Z/2-projective spaces with Alexandrov topology. The following theorem 
is a direct generalization of ^i9[ Prop. 4.1]: 

Theorem 1.8. Let C = (Co, . . . , Cn) be a finite covering of X with a fixed ordering on the 
elements of the covering. Let Xa be the characteristic function of a subset a N_. Then the map 
X ^ P^(Z/2) defined by 

^(x) = Xs{x) , s{x) = {i e N] X e Ci] , 

yields a morphism of posets ^: (A, ^c)"'' ^ (P^(Z/2), ^) and, consequently, a continuous 
map between Alexandrov spaces. Moreover, ^ is both open and closed, and it factors through the 
quotient (A/~c, ^c)°^ ^ = ^ o tt, where i : (A/~c, -<c)"'' (P^(Z/2), ^) an embedding 
of Alexandrov topological spaces. 
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1.2. Topological properties of partition spaces. 

Let 2^ denote the set of all subsets of iV = {0, . . . , iV} and 2^ \ {0} denote the set of all non- 
empty subsets of N_. Both 2^ and 2^ \ {0} are posets with respect to the inclusion relation C. 
For any non-empty subset a C TV, one has a sequence {ao, . . . , a^) where 



(8) ai = 



1 if i E a, 
otherwise. 

In other words, the sequence (oq, . . . , a^) is the characteristic function Xa of the subset a C N_. 
The assignment a t-^ Xa determines a bijection between the set of non-empty subsets of N_ and 
the projective space P^(Z/2). Its inverse is defined as 

(9) u{z) := {i eN\^i- 1}, z = i^iheN e {Z/2f+\ 

With this bijection, one has (aj)igiv ^ {bi)ieN if and only if i/{{ai)i^N) Q '^{{bi)ieN)- In other 
words, we have the following: 

Proposition 1.9. The map v: P^(Z/2) — > 2^ \ {0} is an isomorphism of posets, and thus a 
homeomorphism ofAlexandrov spaces. 

Definition 1.10. For any i E N_ and any non-empty subset a O we define open sets 

Af = {(zo, . . . , z^) e (Z/2)^+i I z,^l}^ TX{0 ^nd Af := f| Af = Tx„ ■ 

For brevity, when there is no risk of confusion we omit the superscripts and write Ai and A^ 
instead ofAf and A^. 

Lemma 1.11. For all N ^ 0, the map ■ P^(Z/2) — > P^+^(Z/2) defined by 

(10) (t>N{zQ, ...,zn) := (^0, ...,zn,0) 
is an embedding of topological spaces. 

Proof. The fact that the maps (I)n 3X0. injective is obvious. They are also continuous since we 
have 

' if ifi ^ N, 
ifi^N + 1, 



(11) rA^r') 

and 



(12) MP"(^/2))nAr^= '^"(^^^ '''^^^ 

y otherwise, 

for the open subsets in the subbasis of the Alexandrov topology. □ 

The maps (pN- P^(Z/2) P^"'"^(Z/2) form an injective system of maps of Alexandrov 
spaces. Hence we can define: 

Definition 1.12. P°°(Z/2) := cohmitiv^oP^(Z/2). 
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We can represent the points of P°°(Z/2) as infinite sequences {(zi)iGN | zi G Zf/2} where 
the number of non-zero terms is finite and greater than zero. The canonical morphisms of the 
colimit i^'- P^(Z/2) — > P°°(Z/2) send a finite sequence {zq^ . . . ^ z^) to the infinite sequence 
(zo, • • • , ^AT, 0, 0, . . .) obtained from the finite sequence by padding it with countably many O's. 
The topology on the colimit is the topology induced by the maps {iArjAfgN- 

Let Fin denote the set of all finite subsets of N. By convention is an element of N. One can 
extend the bijectionz/: P^(Z/2) 2^\{0} to abijectionof theformz/: P°°(Z/2) Fin\{0}. 
The inverse of u is given by the assignment Xa '■= {cii)im which is defined as 



for any a E Fin. The map u : P°°(Z/2) Fin \ {0} is an isomorphism of posets, and therefore 
the Alexandrov spaces P°°(Z/2) and Fin \ {0} are homeomorphic. 

We also have a natural poset structure on P°°(Z/2) where (aj)jgN ^ (&i)igN if and only if 
tti ^ bi for any i E N. Therefore, we have two possibly different topologies on P°°(Z/2): one 
coming from the preorder structure, and the other coming from the colimit. 

Theorem 1.13. The following statements hold: 

(1) The Alexandrov topology and the colimit topology on P°°(Z/2) are the same. 

(2) The spaces P^(Z/2) are Tq but not Ti for any N = 1, . . . , oo. 

(3) P^(Z/2) is a connected topological space for any N = 0,1, . . . ,oo. 

(4) The topology on P°^(Z/2) is compactly generated. 

Proof. For any i eN and a E Fin \ {0}, we define 



which are open in the Alexandrov topology. 

Proof of ©: Let : P^(Z/2) P°°(Z/2) be the structure maps of the colimit. We need 
to prove that an open set in one topology is open in the other, and vice versa. The set { Ajf | a E 
Fin \ {0}} is a basis for the Alexandrov topology since each Ajf is an upper set. Then 



is an open set in P^(Z/2) for any N ^ and a G 2^ \ {0}. Therefore, every open set in 
Alexandrov topology is open in the colimit topology. Now, assume U C P°°(Z/2) is open in 
the colimit topology. We can assume every sequence in P°°(Z/2) is of the form Xa for a unique 
a E Fin \ {0} since z = Xu(z) for any z E P°°(Z/2). Now assume Xa ^ U and we have Xa ^ Xb 
for some Xb £ P°^(Z/2). We need to show that Xb £ U. Since b E Fin \ {0}, we have a natural 
number = max(6) ^ 1. Moreover, we have an inequality 

(16) %^(Xa) =Xa^Xb = 



(13) 




(14) 




(15) 
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in P^(Z/2). Since ij^ {U) is open in the Alexandrov topology of P^(Z/2), we must have Xb ^ 
in P^(Z/2), which in turn implies Xb e U. 

Proof of Q: Letp, g G P^(Z/2), p q. Then z/(p) 7^ '^(o')- Let us suppose without loss 
of generality that i G z/(p) and i ^ z^(q'). Then q ^ ]p which proves that P^(Z/2) is Tq. On the 
other hand if p < g then for any open set U C P^(Z/2) such that p G U also q G U {as U is an 
upper set). It follows that P^(Z/2) is not Ti. 

Proof of ([3]): Suppose there exists a non-empty subset V C P^(Z/2) that is both open and 
closed. Let Xa e P^(Z/2) and Xb e P^(Z/2) \ V. Then, because V and P^(Z/2) \ V are open, 
we have Xaub £ V and Xaub G P^(Z/2) \ V, which is a contradiction. 

Proof of dH): In order to prove our assertion, we need to show that for any a G Fin \ {0} the 
set is compact. Let a G Fin \ {0} and suppose that U = {Uiji^i is an open covering of Ajf . 
Since a is finite we have Xa ^ Ajf and since W is a covering, there exists j E I such that Xa E Uj . 
Since Uj is open in the Alexandrov topology we obtain "[Xa = — ^j- Consequently, for any 
finite subset a of Fin \ {0}, the set IJaea compact. The result follows. □ 



1.3. Continuous maps between partition spaces. 

In the following, unless explicitly stated otherwise, will be a finite natural number or 00. 
Accordingly, the set {0, . . . , A^} will be a finite set or will be N if = 00. For example, a 
permutation a : {0,...,A^} {0,...,A^}is either a finite permutation or an arbitrary bijection 

Let 0p(P°°(Z/2)) be the lattice of open subsets of P°°(Z/2). It is obvious that any continuous 
map / : P^(Z/2) P^^(Z/2) defines a morphism between lattices of open sets of the form 

Xf : 0p(P^'^(Z/2)) — > 0p(P^(Z/2)), where 

(17) Xf{u) ■.= r\u). 

Conversely, we have the following: 

Proposition 1.14. Let M and N be finite natural numbers or 00. Let X : 0p(P^(Z/2)) — > 
0p(P^(Z/2)) be a lattice morphism with the property that 

(18a) U X(Af ) = P^(Z/2), 

ie{o,...,M} 

(18b) Pi X(Af ) = 0, for all infinite a C {0, . . . , M}. 

Then there exists a unique continuous function fx '■ P^(Z/2) P^(Z/2) such that, for all open 
subsets U C P^(Z/2), we have X{U) = fx\U). 

Proof We define a map fx : P^(Z/2) P*'^(Z/2) as 

(19) fx-.z^Xa, Where a := G {0, . . . , M} | ^ G X(Af )}. 
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We observe that a is non-empty due to the condition (llSal) . and finite due to the condition (llSbl) . 
By definition, z E f^^iAf) ^ fxiz) G ^ i G ^Ux{.z)) ^ z E X(Af ). This proves both 



Note that the conditions (II Sal) and (llSbl) are satisfied for X/ for any continuous / because 
f]-^^Ai = for any infinite a, and /^^ preserves infinite unions and intersections. 

Finally, in order to characterize the continuous maps of the projective spaces P^(Z/2), we 
will need the following technical lemma. 

Lemma 1.15. Let N and M be finite natural numbers or oo. Let f : P-^(Z/2) P*^(Z/2) be a 
continuous map of Alexandrov spaces. 

(1) /// is injective then \u{z)\ ^ \u{f{z))\for any z E P^(Z/2). 

(2) /// is surjective then \u{z)\ ^ \u{f{z))\for any z E P^(Z/2). 

Therefore, if f is bijective then \i^{z)\ = \h'{f{z))\for any z E P^(Z/2). 
Proof Observe that for any z E F^{Z/2), one can compute \i^{z) \ as 



If / is injective, for any proper chain of elements ai <■■■< an < z in P^(Z/2) the elements 
/(oj) form a proper chain of elements /(ai) < ■ ■ ■ < /(a^) < f{z) in P*^(Z/2). Thus \i^{z)\ ^ 
\u{f{z))\ for any z E P^(Z/2). If / is surjective then for any proper chain of elements bi < 
■ ■ ■ <b„i < f{z) inP^(Z/2) we have a proper chain of elements ai < ■ ■ ■ < < zinP^^(Z/2) 
such that /(flj) = hi for i = 1, ... ,m. This means \i^{z)\ ^ |z/(/(2;))| for any z E P^(Z/2). □ 

Theorem 1.16. Let N and M be finite natural numbers or oo. A map f : P^(Z/2) —>■ F^\Z/2) is 
continuous if and only if f is a morphism of posets. Furthermore, a map f : P^(Z/2) — ^ P^(Z/2) 
is a homeomorphism if and only if there exists a bijection a: N_ such that f{Xa) = Xa-'^(a)> 

for any subset a. 

Proof We will prove the first statement for = M = oo. Assume / is a continuous map. Then 
by definition f^^{U) is open for any U C P°°(Z/2). We would like to show that / is a morphism 
of posets. Assume t ^ z 'm P°°(Z/2). We would like to compare f{t) and f{z) which will be 
equivalent to comparing the upper sets ]f{t) and ]f{z). Since / is continuous, the set /^^(T/(^)) 
is open. Moreover, since t E f^^{]f{t)) we have z E f^^{]f{t)) because t ^ z and f^^{]f{t)) 
is open. Then f{z) E (f o /~^)(T/(^)) ^ T/(^)' or equivalently f{t) ^ f{z). Now assume / is 
a morphism of posets. In order to prove continuity, it is enough to show that f^^{Aa) is open for 
any a E Fin \ {0}. So, fix a G Fin \ {0} and consider t E /^^(A^) which means Xa ^ f{t). 
Let z E P°°(Z/2) such that t ^ z. Since / is a morphism of posets we have Xa ^ fit) ^ fiz), 
i.e. z E /^^(Aq) as we wanted to show. 

For the second statement, we consider a bijection a: N_ ^ N_. It induces a bijection of 



the form P^(Z/2) ^ P^(Z/2) with the inverse {f^y^ = f^-i. Since f-\Ai) = A,(i) for 



the uniqueness and continuity of fx. 



□ 



(20) 



u{z)\ = max{n E N\ ai < ■ ■ ■ < < z, E P^(Z/2)} 
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all i, fa is a homeomorphism. Conversely, assume we have a homeomorphism /: P^(Z/2) 
P^(Z/2). Consider £ C iV and e P^(Z/2). By Lemma [LTSI the function / satisfies \u{z)\ = 
|z/(/(2;))| for any z G P^(Z/2). This means / determines a unique permutation a of N_ such that 
fiX{i}) = X{cr-i(«)}- Suppose that we have already proven that f{xe) = Xa-^ii) for ^ such that 
< |£| ^ n. Pick £ C iV, with |£| = n, and j E N_\i. By the induction hypothesis we know 
that Xa-^e) = fiXi) and therefore Xa-^e) ^ /(x^u{j}) in P^(Z/2). Then by Lemma [TB] we 
see that Wifixeuij}))] = n + 1, hence fixeu{j}) = Xa-^{e)u{k} for some k ^ (T~^ii). It remains 
to prove that k = a'^ij). By definition Xa-^e)u{k} e A^. Hence xeu{j} e /"^(A^) = A^^k) and 
therefore cr(A;) G £ U {j}. But as (j(A;) ^ £ we must have = j. □ 

We end this subsection by introducing a monoid that acts on P°°(Z/2) by continuous maps 
and is pivotal on our classification theorem. It is a monoid that labels all finite sequences that can 
be formed from a given finite set. 

Definition 1.17. A surjection a: N ^ N Z5 called tame if 

(1) a^^{i) is finite for any i G N, 

(2) > 1 for finitely many i G N. 

We denote the monoid of all such tame surjections by Ai. 

It is clear that the composition of any two tame surjections is again a tame surjection, and that 
the monoid is generated by bijections and the following tame surjection: 



We can view elements of P°°(Z/2) as maps from N to Z/2. Then the monoid A4 acts 
on P°°(Z/2) by puUbacks. Here the tameness property ensures that such puUbacks preserve 
P°°(Z/2), and the following definition 



guarantees that they are morphisms of posets, whence continuous in the Alexandrov topology. 
Observe that this puUback representation of the monoid Ai is faithful. 

1.4. Sheaves and patterns on Alexandrov spaces. 

In ll30l . Maszczyk defined the topological dual of a sheaf, called a pattern, akin to Leray's 
original definition of sheaves [27, pg. 303] using closed sets instead of open sets. A pattern is 
a sheaf-like object defined on the category of closed subsets Cl(X) of a topological space X 
with inclusions. Explicitly, a pattern of sets on a topological space X is a co variant functor 
F: C1(X)°P Set satisfying the property that, for any giyen finite closed covering {C\}\ of 
X, the canonical diagram 



(21) 




(22) 



faiXa) ■■= a*iXa) = Xa-i{a) for all fl G Fin \ 0, 



(23) 
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is an equalizer diagram. A pattern F on a topological space is called global if for any inclusion 
of closed sets C C C the restriction morphism F{C) F{C') is an epimorphism. 

We would like to note that for compact Hausdorff spaces Leray's definition of faisceau 
continu is equivalent to the definition of a sheaf. However, in this paper we only consider sheaves 
over Alexandrov spaces which are of completely different nature, and thus we cannot exchange 
these two concepts. On the other hand, for any finite Alexandrov space, we show below that 
the category of global patterns and the category of flabby sheaves are equivalent up to a natural 
duality. 

Lemma 1.18. Let (P, ^) be a preordered set. A subset C P is closed in the Alexandrov 
topology of P if and only ifC is open in the Alexandrov topology of the opposite preordered set 
(P, O'^P. 

Proof. Since (P, ^) = ((P, and the statement is symmetric, we need to prove only one 

implication. Assume C is closed and let x E C .In order to prove that C is open in the opposite 
Alexandrov topology, we need to show that y E C for any y ^ x. Suppose the contrary that 
y ^ X and y E := P \ C . Since is open in the Alexandrov topology of (P, ^) and y ^ x, 
we must have x E C", which is a contradiction. □ 

It follows that the lattice of open sets of an Alexandrov space (P, ^) is isomorphic to the 
lattice of closed sets of the dual Alexandrov space (P, Hence: 

Proposition 1.19. Let (P, ^) be a finite preordered set. The category of (flabby) sheaves on 
an Alexandrov space (P, ^) is isomorphic to the category of (global) patterns on the opposite 
Alexandrov space (P, 

Proof Since the lattice of closed subsets of (P, is isomorphic to the lattice of open subsets of 
(P, ^), we conclude that any (flabby) sheaf on (P, ^) is a (global) pattern on (P, ^)°p regardless 
of P being finite. Conversely, assume P is a (global) pattern on (P, ^)°p, and let hi be an open 
cover of (P, ^). Since P is finite, the number of open and closed subsets of P is finite as well. 
Thus W is a finite collection closed sets in (P, ^)°p sets covering P. Since P is a (global) pattern 
on (P, ^)°P, 

(24) P(P) ^ W F{U) ^ W F{Un U') 

ueu u,U'&A 

is an equalizer diagram. Then we conclude immediately that P is a sheaf. □ 

The restriction that P is finite comes from the definition of a pattern. A pattern is a sheaf-like 
object where Diagram (l24l) is an equalizer for only finite closed coverings, as opposed to a sheaf 
where Diagram (l24l) is an equalizer for every (finite or infinite) open covering. 

Next, we consider a poset (P, ^) as a category by letting 

(25) OhiP) = P and Hompfp, q) = { '^f ^ ^' 

^ ^ ■^^■^'^^10 otherwise. 
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Then a functor X : P ^ A;-Mod is just a collection of /c-modules {Xp}p^ p together with mor- 
phisms of A;-modules Tgp : Xp — > Xg such that (i) Tpp = idxp and (ii) T,.^ o Tgp = T^p. Any such 
object will be called a right P-module. The category of right P-modules and their morphisms 
will be denoted by P-Mod. We will call a P-module flabby if each Tpg is an epimorphism. If 
X : P — > Alg^, is a functor into the category of /c-algebras, then it will be referred as a right 
P-algebra. The category of P-algebras and their morphisms will be denoted by Algp. 

For a topological space X and a covering (9 of X, we say that O is stable under finite 
intersections if for any finite collection Oi, . . . , 0„ of sets from O there exists a subset C (9 
such that 

n 

(26) n<^^= u 

i=l O'gC 

Lemma 1.20. Let F be a sheaf of algebras on a topological space X. Then for any open subset 
[/ C X and any open covering UofU that is stable under finite intersections, the canonical 
morphism F{U) limyeu F'iV) is an isomorphism. 

Proof. First, we recall that P is a sheaf of algebras on a topological space X if and only if given 
an open subset U and a covering W of t/ we have: 

(1) for any s E F{U), if Res^(s) = for aU V eU, then s = 0, 

(2) for a collection of elements {sy G P(V^)}yg2Y indexed by W and satisfying Res|^pp^/(sv) = 
^e^^nwi-^w)^ there exists s G F{U) with Res^(s) = sy for any V eU. 

Now assume that P is a sheaf and U is an open covering of an open subset U that is stable under 
finite intersections. Recall that 

(27) lim P(K) = {{fv)veu\ fv G F{V) and fw = ResUfy) for any V ^ W e U}. 

The canonical morphism F{U) limyg^^ F{U) sends each element s G F(U) to the sequence 
(Res^(s)) veu- The condition (1) implies that the canonical morphism is injective. Every ele- 
ment {fv)v£U of limveu F{V) satisfies Resyf^'^y{fv) = Res^f^y^,{fw) because of the fact that 
U is stable under finite intersections, and P is a sheaf. Then the condition (2) implies that the 
canonical morphism is an epimorphism. □ 

The following result is well-known for sheaves of modules. See [10, Prop. 6.6] for a proof. 
Here we prove an analogous result for sheaves of algebras. 

Theorem 1.21. Let (P, ^) be a poset. Then the category of sheaves of k-algebras on the Alexan- 
drov space (P, ^) is equivalent to the category P-algebras. 

Proof. Consider an arbitrary sheaf of algebras P G Sh(P). Define a collection of A;-algebras 
{Fp}p^P indexed by elements of P by letting Fp := P(tp) for any p E P. Then '\p D tg 
for any p ^ q. Therefore, since P is a sheaf, we have well-defined morphisms of A;-modules 
T^^ -.Fp-^Fg for any p ^ g that satisfy (i) T^^ = id^^ for any pEP, and (ii) T,^ o T^^ = T,^ for 
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any p ^ g ^ r in P. In other words, {Fpjpgp is a right P-algebra. Also, given any morphism 
of sheaves f:F G, we have well-defined morphisms of algebras {fpjp^p that fit into a 
commutative diagram of the form: 



(28) Fp Fq 

fp 

IP 

This means that we have a functor of the form $ : Sh{P) — > Algp. 

Conversely, assume that we have such a collection of algebras JF = {Fpjpgp with structure 
morphisms Tqp : Fp ^ Fq for any p ^ q satisfying the conditions (i) and (ii) described above. 
We let T(jF)(\/) = limy^v Fv viewing P as a category as in (l25l) . Now, for any inclusion of 
open sets V C W, we have a morphism of algebras Resy (T(jF)): T{T){W) T(jF)(V). 
By definition, it is the canonical morphism of limits Hm^gvF F^, lim^gy F^. Thus we see that 
T(JF) is apre-sheaf. 

To show that T(jF) is a sheaf, we fix an open subset U C P and an open covering U 
of U. Using the description analogous to Equation (1271) . one can see that for any {fu)u&u ^ 
T{J^){U) = Mmufzu Fu we have Resy(/) = for any V E U if and only if fu = for any 
u E U. Moreover, assume that we have a collection of elements := G T(jF)(V) 

indexed by V e U satisfying Res^^^T {J^){f^) = Res^r,w'^{J^){f^) for any V,W eU. This 
means /J = /f for my z eVnW. Notice that Res^{f^)^ev = {fz)z€Z e T(J^)(Z) for 
any open subset Z of V. Therefore, one can patch {{f^)v&v}veu by letting / = {fu)ueu by 
forgetting the superscripts indicating which open subset we consider. Hence we can conclude 
that T(jF) indeed is a sheaf. 

Next, to show that T is compatible with morphisms, for an arbitrary morphism / : {Pp}pe p ~^ 
{Gp}pep of right P-algebras and for any open subset \^ C P, we define: 

(29) T{f){V) := lim/,: T{{Fp}p^p){V) T{{Gp}p^p){V). 

Thus we obtain a functor of the from the category of P-algebras into the category of sheaves 
of A;-algebras on (P, ^). One can see that T($(P))(\/) = Mm^^zy F{'\v). Since {1v\ v e V} 
is an open cover of V that is stable under finite intersections and P is a sheaf, it follows from 
Lemma [LlOl Ccf. [I22l Sect. 2.2, pg.85]) that F{V) = lim^^y F{^v). Hence we conclude that the 
endofunctors id and T o <|) are isomorphic. It is easy to see that $ o T is the identity functor since 
any p e P is the unique minimal element of the open set '\p. The result follows. □ 



We end this subsection with the following direct generalization of [[191 Subsect. 2.2]. It 
is needed to upgrade the flabby-sheaf classification of ordered A^-coverings (19. Cor. 4.3] to a 
classification of arbitrary finite ordered coverings we develop in Lemma [T9l 
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Lemma 1.22. Let (Lat(y4), fl, +) denote the lattice of all ideals in an algebra A. Assume that 
{Ii)ieN is <^ sequence of ideals such that only finitely many of them are different from A. Then, 
for any open subset U C P°°(Z/2), the map given by 

(30) i?(^>)»(f/) := fl 
defines a morphism of lattices R^^^^' : 0p(P°°(Z/2)) — > Lat(y4). 

Proof By Proposition [L9l the map u: P^(Z/2) — > 2^ \ {0} given by ^ is an isomorphism of 
posets. For an open subset U C P^(Z/2), we let i'{U) = {i^{z)\ z E U}. Since u is a bijection 
we have 

(31) z/([/i n [/a) = z/([/i) n z/(f/2) and iy{Ui U U2) = iy{Ui) U u{U2) 

for any f/i, [/2 G 0p(P°°(Z/2)). In order to prove that i?^^')" is a morphism of lattices, we need to 
show that 

(32) n U2) = R^^^^^iUi) + R^^'^^iJJi), i?(^')'(f/i U U2) = R^^^^^iUi) n i?(^')"(t/2), 

for all f/i, f/2 G 0p(P°°(Z/2)). First note that although the intersection in formula (l30l) is poten- 
tially infinite, the number of intersecting ideals different from A is always finite. It is also trivial 
to see that the second identity in (|32l) is satisfied. 

To prove the first identity, we see that for all upper sets ai, ^2 ^ Fin we have 

(33) ai n 0:2 = {cLi U 02 I 0.1 G tti, 02 G 02}- 

Since ai C ai U 02 and 02 C ai U 02, we see that the left hand side contains the right hand side. 
The other inclusion follows from the fact that ai fl 0:2 C ai and ai fl 02 ^ 0:2 and a = aU a. 
From the distributivity of the lattice generated by ideals f and the fact that u is a bijection, we 
obtain: 

n E^-= n 
= n n E^. 

aeu{Ui) b£v(U2) ieaUb 

(34) = n n Y.''- 

The result follows. □ 
1 .5. Closed covering of P^(C) as an example of a free lattice. 

In lfT9l . a closed refinement of the affine covering of P^(C) was constructed as an example of a 
finite closed covering of a compact Hausdorff space. Let us recall this construction. The elements 
of this covering are given by: 

(35) := {[xo : . . . : Xtv] I = max{|xo|, . . . , |x7v|}}, i G iV. 
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It is easy to see that the family {Vi}i^N_ of closed subsets of P^(C) is a covering of P^(C), i.e., 
{J^Vi = P^(C). This covering is interesting because of its following property: 

Proposition 1.23. The distributive lattice generated by the subsets Vi C P^(C), i E Nj is free. 

Proof. Sets {Aj}j covering P^(Z/2) generate the free distributive lattice on + 1 generators. 
One can demonstrate this by showing that for any distributive lattice A generated by + 1 
elements there exists a lattice morphism from the lattice generated by Aj's into A. (See, e.g., [[T9l 
Sect. 2.2] and Proposition 1 1.9[ cf. Lemma [1.221 ) We prove the proposition by showing that this 
free lattice is isomorphic with the lattice generated by l^'s. 

Let C = {Vo,...,VAr}, and ~c be the equivalence relation from Definition 11.11 The par- 
tition space (P^(C)/~C) ~<c)°'' associated with the covering C is homeomorphic with P^(Z/2) 
( [[T9l Ex. 4.2]). The Aj's subgenerate the topology of P^(Z/2) as open subsets, and the home- 
omorphism between P^(Z/2) and (P^(C)/~C) ^c)°'' defines an isomorphism between the re- 
spective lattices of nonempty open sets. Hence, by Lemma [TTTl the canonical surjection tt : 
P^(C) P^(C)/~c provides an isomorphism between the lattice of nonempty open sets of 
(P^(C) /~c, ^c)""" and the lattice generated by Vi's. □ 

Now we use the covering {Vi}i^N_ to present P^(C) as a multipushout, and, consequently, 
its C*-algebra C(P^(C)) as a multipuUback. To this end, we first define a family of homeomor- 
phisms: 

^i-.Vi — > D""^ := Dx ...X D, 



(36) [xq: ... : Xn] 




Xo Xj-i Xj+i Xn 
, . . . , , , . . . , 



for all i E N_, from Vi onto the Cartesian product of A^-copies of 1-disk. Inverses of ^/'j's are 
given explicitly by 

(37) ip-^ : 9 (di, ...,dN)^[di: ...-.dr.l: : . . . : d^] & P'^(C). 
Pick indices Q ^ i < j ^ N and consider the following commutative diagram: 

(38) P^(C) 



■xN ^ T/ T/- ^ nxAf 




D 



D^J-i xSx Dx^-i Vi n Vj D'^'xSx Dx^-*-i. 

Here, for 



(39) k 



n if m < n, 

n + 1 if m > n, 
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D 



xfc-l 



X SxD 



xN-k 



In other words, counting from 1, the 1-circle S appears on the fc'th position among disks. It 
follows immediately from the definition of ^/s that the maps 



(41) Tij := ijji o tfj;.^ : D""^-^ x S x D""^-^ — > D""' x S x D 



i < j, 



can be explicitly written as 

(42) Tij{di, . . . , dj^i, s, dj+i, . . . , djy) = 

{s~'^di, . . . , s~'^di, s~'^di+i, 



,s '^dj^i,s '^dj+i,...,s ^d 



N 



One sees from Diagram (1381) that P^(C) is homeomorphic to the disjoint union |Jilo -^f^ °f 
+ 1 -copies of D^'^ divided by the identifications prescribed by the the following diagrams 
indexed hy i,j e N_,i < j. 



(43) 



D 



xN 



D 



xN 



D^J'i X S X D^^-^' 



T 

J- ! 1 



D""' X S X D 



xN-i-l 



Consequently, one sees that the C*-algebra C(P^(C)) of continuous functions on P^(C) is 
isomorphic with the limit of the dual diagram to Diagram (|43l) : 



(44) 



C(D)f^ 



C{D)^^'^ ® C{S) ® CiD)""^-^ 



T*. 

!3 



Here the tensor product is the completed tensor product. Note that, by construction, C (P^(C) ) C 

Finally, observe that the covering of P^(C) discussed above naturally gives rise to a flabby 
sheaf F over P^(Z/2) of unital commutative C*-algebras. Explicitly, for any open U C P^(Z/2), 



(45) 



F{U) :=Cir\U)), 



where ^ : P^(C) P^(Z/2) is the map defined in Theorem 11.81 Restriction morphisms are 
defined by 



(46) Res'^:F{U)—^F{V), f ^ f\^.^^yy 

In particular, F(Aj) is isomorphic to C{D)'^^ for all i. 
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2. CLASSIFICATION OF FINITE COVERINGS VIA THE UNIVERSAL PARTITION SPACE P°°(Z/2) 

The aim of this section is to establish an equivalence between the category of finite coverings 
of algebras and an appropriate category of finitely-supported flabby sheaves of algebras. To this 
end, we first define a number of different categories of coverings and sheaves. Then we explore 
their interrelations to assemble a path of functors yielding the desired equivalence of categories. 

2.1. Categories of coverings. 

Let X be a topological space and C be a collection of subsets of X that cover X, i.e., Uc/ec ^ ~ 
X. We allow G C. Recall that such a set is called a covering of X. A covering C is called 
finite if the set C is finite. A covering C of a topological space X is called closed (resp. open) 
if C consists of closed (resp. open) subsets of X. Now we consider the category of pairs of the 
form (X, C) where X is a topological space and C is a closed (or open) covering. A morphism 
/ : (X, C) (X', C) is a continuous map of topological spaces / : X — > X' such that for any 
C e C there exists C e C with the property that C C f-^{C'). In the spirit of the Gelfand 
transform, we are going to dualize this category to the category of algebras. 

Let n = {tTj: A Ai}i be a finite set of epimorphisms of algebras. We allow the case 
Ai = for some i. Denote by A the lattice of ideals generated by ker vr^, where fl and + denote 
the join and meet operations, respectively. Recall from [il9il that the set 11 is called a covering if 
the lattice A is distributive and f]- ker(7rj) = 0. Finally, an ordered family n = (tt^ : A — > Ai)i 
is called an ordered covering if the set ^(11) := {tt, : A Ai}i is a covering. In such an ordered 
sequence (vTj : A Ai)i we allow repetitions. 

In [[T9l . for each natural number X ^ 1, the authors defined a category Cn whose objects 
are pairs {A; tti, . . . , tin) where A is a unital algebra, and the ordered sequence (tti, . . . , ttat) is an 
ordered covering of A. A morphism between two objects / : (A; vri , . . . , vtat) (A'; tc[, . . . , vr^) 
is a morphism of algebras f: A — > A' such that /(ker(7rj)) C keT{7r'-), or equivalently that 
ker(7rj) C /~^(ker(7r-)) for any i = 1, . . . , X. This category is called the category of ordered 
N -coverings of algebras. 

For any natural number X ^ 0, there is a functor e^: C n C n+i which is defined as 
eN{A; TTi, . . . , ttat) := {A;tci, . . . , tttv, A ^ 0) on the set of objects for any {A;tci, . . . , tcn) G 
Ob{CN)- The functor is defined to be identity on the set of morphisms. Moreover, observe that 
for any (A, U) and {A', n') in 06(Cjv), X ^ 0, we have 

(47) Homc,^,(ejv(A,n),e;v(^',n')) = Homc,((A,n), (A',n')). 

Therefore, ca? is both full and faithful. Now, we define 

Definition 2.1. OCovf^^ := colim^vCiv- The category OCov^^ is called the category o/ finite 
ordered coverings of algebras. 

One can think of (9Coi;fin as the category of pairs of the form (A,!!), where A is again 
a unital algebra. This time n is an infinite sequence of epimorphisms -ki: A ^ Ai indexed 



20 



PIOTR M. HAJAC, ATABEY KAYGUN, AND BARTOSZ ZIELINSKI 



by z G N with the property that (i) all but finitely many of these epimorphisms have zero 
codomain, and (ii) the underlying set /t(n) of epimorphisms is a covering of A. A morphism 
/ : {A; tcq, tti, . . .) {A'; tTq, vr^, . . .) is a morphism of algebras f: A ^ A' with the property 
thatker(7rj) C /~i(ker(7r,')) for any i G N. 

Next, recall from the beginning of this section that, in the category of topological spaces to- 
gether with a prescribed finite covering, a covering is a collection of sets devoid of an ordering on 
the covering sets. Thus, it is necessary for us to replace the ordered sequences of epimorphisms 
in the objects of the category OCovf^^^, and work with finite sets of epimorphisms of algebras. 

Definition 2.2. Let Cow gn be a category whose objects are pairs {A, 11), where A is a unital 
algebra and Ii is a finite set of unital algebra epimorphisms that is a covering of the algebra A. 
A morphism f : {A, II) {A',Il') in this category is a morphism of algebras f: A — > A' 
satisfying the condition that for any epimorphism vr- : A' A'^ in the covering H' there exists an 
epimorphism ttj: A ^ Aj in the covering H such that ker(7rj) C /^^(ker(7rj')). This category 
will be called the category of finite coverings of algebras. 

If / : (A, n) — > (A', n') is a morphism in Cov<^^, we will say that / implemented by the 
morphism of algebras f : A ^ A'. Note that the matching of the epimorphisms, or rather the 
kernels, is not part of the datum defining a morphism. We also need the following auxiliary 
category. 

Definition 2.3. Category Aux is a category whose objects are the same as the objects ofOCova^. 
A morphism f : {A, H) {A', H') in Aux is a morphism of algebras f : A ^ A' satisfying the 
property that for every n'j appearing in the sequence n' there exists an epimorphism ni appearing 
in the ordered sequence II such that ker(7ri) C f~^(keT{iTj)). 

As before, the matching of the epimorphisms is not part of the datum defining a morphism. 

Now we want prove that the categories Aux and Coffin are equivalent. Recall first that a 
functor F: C V is called essentially surjective if for every X G Oh{V) there exists an object 
Cx G Oh{C) and an isomorphism ojx '■ F{Cx) ^ X inV. 

Theorem 2.4. [|29l IV. 4 Thm. 1] Let F : C ^ V be a functor that is fully faithful and essentially 
surjective. Then F is an equivalence of categories. 

Lemma 2.5. Consider the assignment 

3(A; TTo, TTi, ...):= {A; {vr,] ^ G N}) and 3(/) := / 

for every object {A; ttq, tti, . . .) and morphism f : {A, II) {A', IT') in the category Aux. Then 
3 defines an equivalence of categories of the form 3 : Aux Covfi^. 

Proof. One can see that 

(48) Hom^„,.((A, n), {B,e)) = Homco.a„((^, ^ilL)), (B, /^(e))). 
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This implies that 3 is fully faithful, and that it makes sense for the functor 3 to act as identity on 
the set of morphisms. Given an object {A, 11) in Cofgn, one can chose an ordering on the finite 
set n and obtain an ordered sequence of epimorphisms 

(49) {no: Ao,7ri: Ai,...,ttn: A^ An), 

where = |n|. We can pad this sequence with A — > to get an infinite sequence n of 
epimorphisms where only finitely many epimorphisms are non-trivial. This infinite sequence has 
the property that the corresponding finite set ^(n) of epimorphisms is the set IlU {A ^ 0}. 
Since the identity morphism id^ : A A implements an isomorphism 

(50) {A,UU{A^O}) — >{A,U) 

in Covfin, we conclude that 3 is essentially surjective. Now the result follows from Theorem l2.4[ 

□ 

The category Aux sits in between the category OCovfin of ordered coverings and the cate- 
gory Coffin of coverings: 

(51) OCoVfin ^ Aux ■> Cotifin. 

The definitions of morphisms in the categories Aux and Coffin coincide even though the classes 
of objects are different. Even though the categories CCof fin and Aux share the same objects, 
there are more morphisms in Aux than in OCovaa' 

(52) Homoco.fl„((A,n), (5,n')) C Hom^„,((A, H), (5,n')). 

Explicitly, one can describe Hom_4„a,((y4,n), (i?,n')) as the set of morphisms of algebras f : A ^ 
B for which there exists a sequence of epimorphisms n" obtained from n by permutations and 
insertions of already existing epimorphisms, such that / is a morphism in Homocot)fln((^, H"), 
(S, n')). This can be expressed elegantly by introducing another auxiliary category Aux where 
Aux comes out as the quotient of Aux by an equivalence relation on the morphisms (c.f. Defi- 
nition [2]6] and Lemma [277] below). 

The reason why we prefer working with ordered sequences of epimorphisms in Aux rather 
then the sets of epimorphisms in Covfi^ is that we want to interpret coverings in the language of 
sheaves. Working with sheaves inevitably introduces order on the set of epimorphisms because 
of the particular nature of morphism in the category of sheaves (c.f. Lemma [Z9l) . Fortunately, by 
Lemma [231 our auxiliary category Aux, where the objects are based on ordered sequences, is 
equivalent to Covnn, the category of finite coverings of algebras where the objects are based on 
finite sets of epimorphisms. 

Let a : N ^ N be a tame surjection from the monoid Ai (Definition 11.171) . Any such a 
gives rise to an endofunctor a : OCoffin OCovfi^ defined on objects by 

(53) a{A, {TCi)i) := (A, {TTa{i))i), 
and by identity on the morphisms. 
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Definition 2.6. Category Aux is a category whose objects are the same as in OCov^^ and Aux. 
Morphisms in Aux are pairs of the form (/, a) : {A, H) — > {A', n'), where a & M. and 

/:«(A,n)-^(A',n') 

is a morphism in OCovan. The identity morphisms are simply (id^, id^), and the composition of 
morphisms is defined as 

ig,/3)o{f,a) = igo{$f),ao/3). 

Note that we have (P o a) = a(3. 

We define an equivalence relation on Aux as follows. We say that two morphisms (/, a), 
(/', a') in Hom^^((A, n), {A', n')) are equivalent (here denoted by (/, a) ~ (/', a')) if^= /' 
as morphisms of algebras. By f29\ Proposition II. 8.1], we know the quotient category Aux/^ 
exists. Moreover, it is easy to see that the relation ~ preserves the compositions of morphisms. 
Hence, by the proof of [|29l Proposition II.8.1], we do not need to extend the relation ~ to form 
a quotient category. We are now ready for: 

Lemma 2.7. The category Aux and the quotient category Auxj^ are isomorphic. 

Proof We implement the isomorphism with two functors 

(54) F : Auxjr^ — > Aux, G : Aux — > Auxj^^ , 

defined as identities on objects. For any equivalence class [/, a]^ of morphisms in Auxjr^, we 
define a]^) := /. On the other hand, for any morphism / : (A, — >• (A', (7r'j)jgi^) 
in Aux, we set G{j) := [/, a]^, where a is any element of M. satisfying: 



(55) a{i) 



i- N fovi> N, 

j, where j is such that kervTj C /~^(ker vr'j), fori ^ A^. 

Here G N is a number such that for any i > N we have n'i := A' ^ 0. It is obvious that 
F o G = id^Aux and G o F = id_^^. One can easily see that F and G are functorial — it is 
enough to note that a/ = / as morphisms of algebras. □ 

2.2. The sheaf picture for coverings. 

Let Sh(P°°(Z/2)) be the category of flabby sheaves of algebras over P°°(Z/2). A morphism 
/: F ^ G in Sh(P°°(Z/2)) is a collection {fu: F{U) G'(f/)}c/eop(p-{z/2)) of morphisms of 
algebras (indexed by the open subsets of P°°(Z/2)) that fit into the following diagram 

(56) F{IJ) GiJJ) 



Res^(F) 



Res^(G) 



F{V) — - G{V) 

tv 



for any chain C f/ of open subsets of P°°(Z/2). 
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Definition 2.8. A flabby sheaf F G 06(Sh(P°°(Z/2))) is said to haveflnite support if there exists 
G N such that F{An) = Ofor any n > N. The full subcategory of flabby sheaves withflnite 
support will be denoted by Shfin(P°^(Z/2)). 

Here is an alternative way of seeing sheaves with finite support on P°°(Z/2). Any sheaf of 
algebras on P^(Z/2) can be extended to a sheaf of algebras on P^+^(Z/2) by the direct image 
functor 

(57) Sh(P^(Z/2)) {^n)*{F) G Sh(P^+^(Z/2)) 

with respect to the canonical embedding ^^v: P^(Z/2) ¥^+\Z/2) defined in Lemma [ITTl 
Then we obtain an injective system of small categories (Sh(P^(Z/2)), jtv), and we observe that 

Shfin(P°°(Z/2)) is colim^Sh(P^(Z/2)). 

For a flabby sheaf F in 06(Shfin(P°°(Z/2))), we will use Resi(F) to denote the canonical 
restriction epimorphism F(P°°(Z/2)) F(Ai) for any i eN. Note that, since F is a sheaf with 
finite support, all but finitely many morphisms ReSi(F) are of the form F(P°°(Z/2)) 0. The 
following Lemma is a reformulation of |fT9l Cor. 4.3] in a new setting. The proof is essentially 
the same as in |fT9l Prop. 2.2] using Lemma [T.22[ Note that we can apply the generalized Chinese 
Remainder Theorem (e.g., see [|35l Thm. 18 on p. 280] and OOll ) as there is always only a finite 
number of non-trivial congruences. 

Lemma 2.9. For any {A,Il) G Ob{OCov{in) and F G Shfin(P°°(Z/2)), the following assign- 
ments 

(58) vl>(A,n) := {U ^ ^/i?^(t/)}j;,op(p..(^/2)) e Shfi,(P-(Z/2)), 

(59) $(F) := (F(P°°(Z/2)); Reso(F), Resi(F), . . . , Res„(F), . . .) G OCov^^, 

are functors establishing an equivalence between the category OCoVfi^ of ordered coverings and 
the category Shfin(P°°(Z/2)) of flnitely-supported flabby sheaves of algebras over P°^(Z/2). 



We would like to extend the equivalence we constructed in Lemma 12.91 to an equivalence 
of categories between Aux (and therefore Coffin) and a suitable category of sheaves filling the 
following diagram: 

(60) CCof fin ^ Aux Z ^ Coffin 

Shfin(PnZ/2)) - Sh---(P-(Z/2)). 

As Aux is isomorphic to a quotient category, we expect Shg^^(P°°(Z/2)) to be a quotient of the 
following category of sheaves with extended morphisms: 

Definition 2.10. The objects o/ Shfin(P°°(Z/2)) are flnitely-supported flabby sheaves of alge- 
bras over P°°(Z/2). A morphism [f, a*] : P ^ Q in Shfin(P°°(Z/2)) is a pair consisting of a 
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continuous map (see ((22l) ) 

a* : P-(Z/2) ^ P-(Z/2), Xa ^ Xa-Ha), 
where Ai 3 a : N ^ N is a tame surjection (Definition \1.17\i . and a morphism of sheaves 

f : alP ^ Q. 

Composition of morphisms is given by 

[^,/5*]o [/,«*] :=[~go{p:f),(3*oa*]. 

Lemma 2.11. Let ^ : OCovfin Shfin(P°°(Z/2)) and $ : Shfin(P°°(Z/2)) ^ CCowfin Z7e 
functors defined in Lemma IZ9l T/ien the functors 

^ : ^ — ^ Shfin(P°°(Z/2)), $ : Shfi„(P°°(Z/2)) — > Aux, 

defined on objects by 

$(An) = vi/(A,n), $(P) = $(P), 

anJ on morphisms by 

establish an equivalence of categories between Aux and Shfin(P°°(Z/2)). 

Proof. We divide the proof into several steps. 

(1) {a*)-^{Ki) = A„(i) for all i e N. Indeed, 

{aT\^^) = {c^T\{Xa\^eacN}) 

= {Xb I a*{Xb) = Xa and i e a C N} 
= {Xb I Xa-^ib) = Xa and i G a C N} 
= {Xb\ie a-\b)} 
= {Xb I aii) ebcN} 

(2) As a is tame by assumption, a^^(a) is finite for any finite a C N. Hence a* is well 
defined. 

(3) Equality a* = (3* implies a = (3 for any surjective maps a,/? : N ^ N. Hence the 
functor $ is well defined. 

(4) = "^a. Indeed, for any (A, {TTi)i) e Aux, we see that 

(tt,),)) = aliU ^ A/i?(-^)»(f/)) 

= f/h^ A/i?("^)'((a*)-^(f/)), 
(vl/d)((A,(7r,),)) = §((A,(7r„(,)),)) 
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On the other hand, the observation that for any open U C P°°(Z/2) we have U — 
\J a St. f].g^ Aj, and the result from Step (1), yield: 



xaeu 



a s.t. 

Xaeu 

a s.t. jga 

Xaeu 

a s.t. jga 

Xaeu 

n 2]^®^ MO 

« s ' \ iea J 



Xaeu 



a s.t. iga 

Xaeu 



= i?(Mi))*(c/). 

(5) Let q;,/9 : N ^ N be maps from M. Then (a o = /5* o a*. Indeed, for any 
Xa e P°°(Z/2), we obtain: 

O Q;*)(Xa) = /?*(Xa-i(a)) = X(/3-ioa-i)(a) = X(ao/3)-i(a) = (« O /?)*(Xa)- 

(6) is functorial. Indeed, take any composable morphisms (/, a) and (^f, /5) in Aux. Then 
the previous two steps and the functoriality of ^ yield 

$((^,/3)o(/,a)) = ^((^o(/3/),ao/3)) 

= (*(^o(/3/)),(«o/?r) 
= (*(^)o*(/3/)),/3*oa*) 
= ((%)o(/3:^r/),/3*oa*) 
= [*^,/3*]o 
= 5((^,/3))o^((/,a)). 

(7) = Indeed, take any P e Shfin(P°°(Z/2)). Using the result of Step (1), we 
obtain: 

($a:)(P) = <l>(f/^P(a-i(f/))) 

= (P(PnZ/2)), (P(P°°(Z/2)) ^ P((a*)-i(A,))),) 
= (P(P-(Z/2)), (P(P-(Z/2)) P(A,(.))).) 
= a((P(PnZ/2)), (P(P~(Z/2)) ^ P(A,))0) 
= («$)(P). 
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(8) $ is functorial. The proof uses the result from the previous step, and is analogous to the 
proof of Step (6). 

(9) The natural isomorphism 7] : ^$ ^ idshflj^(poo{z/2)) comes from a family of isomorphisms 
of sheaves r]p: "^^P P. The latter are given by the canonical isomorphisms be- 
tween the image of an epimorphism and the quotient of its domain by its kernel (c.f. [|T9l 
Prop. 2.2]): 

r/p,t/:P(P°°(Z/2))/ker(P(PnZ/2))^P(f/)) P{U). 
To see that, for any sheaf P, 

a*r?p = rjatP, 
note that alr]p : a*^<l>P = ^$a*P — > a^P, and 



■= VP,{a*)-^{U) 

= P(P°°(Z/2))/ker(P(P°°(Z/2)) ^ P((a*)-i(t/))) ^ P{{a*)-\U)) 

= ValP,U- 

Here the first equality is just the definition of action of direct image functor on mor- 
phisms. 
(10) The family of maps 

Vp:= [r/p, id* ] :^$P-^P 

establishes a natural isomorphism between and idgj;^ (p°o(z/2))- clear that r/p's 
are isomorphisms. We know that r] is a natural isomorphism. In particular, for any 
a E and any morphism / : a*P Q in Shfin(P°°(Z/2)), the following diagram is 
commutative: 

^$a!P ^ a!P 

-Q- 

On the other hand, we need to establish the commutativity of the diagrams 



^$P 



p 



Q. 
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Using Equation (flOl) and the results of Steps (4), (7) and (9), we obtain the desired: 

VQ o mif, a*]) = [VQ, id;] o a*] 
= [r/QO 

= [f °Va:p,a*] 
= [f ° {alr]p),a*] 
= [/, «*] o [Vp, id^] 
= [/, «*] o ^7p- 

(11) By [fT9l Prop. 2.2]), we have $\E' = idoco^jsn- Hence, it is easy to see that the family 
of identity morphisms (idA, idN) in Aux establishes a natural isomorphism between $^ 
and id . 

Aux 

□ 

Our next step is to define an equivalence relation on Shfin(P°°(Z/2)). Let [/, a*], [g, P*] : 
P Qhe morphisms in Shfin(P°°(Z/2)). We say that they are equivalent ([fjO*] ~ [g, [3*]) if 
/p°°(z/2) = ^p°°(z/2) as morphisms of algebras (c.f. the equivalence relation on Aux, Lemma [2/71) . 
By [|29l Proposition IL8.1], we know that the quotient category Aux/r^ exists. Moreover, it is 
easy to see that the relation ~ preserves the compositions of morphisms. Hence, by the proof 
of [|29l Proposition II. 8.1], we do not need to extend the relation ~ to form a quotient category. 
Note that that the equivalence class of the morphism [/, a*] in Shfin(P°°(Z/2)) can be represented 
by /poo(z/2)- Therefore, the quotient functor Shfin(P~(Z/2)) ^ Shfin(P°°(Z/2))/~ is defined on 
morphisms as 

(61) [/,«*] I > /p°°(Z/2)- 

In other words, 

(62) [/,«*]-:= /p°°(z/2)- 

The final step to arrive our classification of finite coverings by finitely-supported flabby 
sheaves is as follows: 

Lemma 2.12. The functors 5 : Aux Shfin(P°°(Z/2)) and $ : Shfin(P°°(Z/2)) Aux 
send equivalent morphisms to equivalent morphisms. They descend to functors between quotient 
categories 

(63) Shfin(PnZ/2)) ^ Mu: AUx ^ Shfin(PnZ/2)) 

Shfi,(P-(Z/2))/~ — ^/~, Mx/^ — Shfi„(P-(Z/2))/~ , 
establishing an equivalence between Shfin(P°°(Z/2))/~ and Aux/^. 
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Proof. Note that for any morphism / in OCov^^ and any morphism / in Shfin(P°°(Z/2)), we 
have the following equalities of algebra maps: 

(64) f)¥^{i/i) = f, = /p°°(z/2)- 
It follows that, if (/, a) ~ {g, /3) in Aux, then 

(65) $(/, a) = l^f, a*] ~ [^g, /?*] = ^{g, P) 

in Shfin(P°^(Z/2)). Similarly, if [/, a*] ~ [g, (3*] in Shfin(P°°(Z/2)), then 

(66) $[/,«*] = ($/,«) ~ {<i>~g,(3) = ^g,P*]. 

□ 



Summarizing the results of this section, we obtain the following commutative diagram of 
functors: 



(67) 



CoVfin 



shfin(pnz/2))A 



Aux 



Aux/^ 



Shfi,(P-(Z/2)) 



Shfi„(P-(Z/2)). 



Aux 



Using the above diagram, we immediately conclude the first main result of this article: 

Theorem 2.13. For any (A, H) G Oh{Covf,r.), F e 06(Shfin(P°°(Z/2))/~), / G Mor(Cot;fin), 
and [/,q;*]^ G Mor (Shfin(P°°(Zf/2))/~), the following assignments 



(An) 



[U^ A/E^{U)] 



(760p(P°°(Z/2)) 



G 06(Shfi„(P°°(Z/2))A 



Res„(F), ...}) G 06(Coi;fin), 



F ^ (F(P°°(Z/2)), {Reso(F), Resi(F), . 

/ ^ [vI/(/), a}]. G Mor(Shfin(P~(Z/2))/~), 

I — > /poo(z/2) e Mor (Cot; fin), 

are functors establishing an equivalence of categories between the category Cov^^ of finite 
coverings of algebras and the quotient category Shfin(P°°(Z/2))/ ~ of the category of finitely- 
supported flabby sheaves of algebras over P°°(Z/2) with extended morphisms. Here (A, n) is 
the image of (A, 11) under an equivalence inverse to 3, and Uf is a tame surjection defined as 
in (1551) . 



Observe that the equivalence of the above theorem is, essentially, the identity on morphisms. This 
is because, on both sides of the equivalence, morphisms considered as input data are only algebra 
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homomorhisms (see (|62|) and Definition l2.2l) . They do, however, satisfy quite different conditions 
to be considered morphisms in an appropriate category. Thus the essence of the theorem is to 
re-intertpret the natural defining conditions on an algebra homomorphism to be a morphism of 
coverings to more refined conditions that make it a morphism between sheaves. What we gain 
this way is a functorial description of coverings by the more potent concept of a sheaf. We know 
now that lattice operations applied to a covering will again yield a covering. 

We end this section by stating Theorem l2.13l in the classical setting of the Gelfand-Neumark 
equivalence [fT6l Lem. 1] between the category of compact Hausdorff spaces and the opposite cat- 
egory of unital commutative C*-algebras. Since the intersection of closed ideals in a C*-algebra 
equals their product, the lattices of closed ideals in C*-algebras are always distributive. There- 
fore, remembering that the epimorphisms of commutative unital C*-algebras can be equivalently 
presented as the puUbacks of embeddings of compact Hausdorff spaces, we obtain: 

Corollary 2.14. The category of finite closed coverings of compact Hausdorff spaces ( see the be- 
ginning of this section) is equivalent to the opposite of the quotient category Shfin(IP°°(Zi/2))/~ 
of finitely-supported fiabby sheaves of commutative unital C*-algebras over P°°(Z/2) with ex- 
tended morphisms. 

3. Quantum projective space P^(T) from Toeplitz cubes 

In this section, the tensor product means the C*-completed tensor product. Accordingly, we 
use the Heynemann-S weedier notation for the completed tensor product. Since all C*-algebras 
that we tensor are nuclear, this completion is unique. Therefore, it is also maximal, which guar- 
antees the flatness of the completed tensor product. We use this property in our arguments. 

3.1. MultipuUback C*-algebra. 

As a starting point for our noncommutative deformation of a complex projective space, we take 
Diagram (l44l) from Section [T3] and replace the algebra C{D) of continuous functions on the unit 
disc by the Toeplitz algebra T algebra considered as the algebra of continuous functions on a 
quantum disc B24II . Recall that the Toeplitz algebra is the universal C*-algebra generated by z 
and z* satisfying z*z = 1. There is a well-known short exact sequence of C*-algebras 

(68) — >IC — >T ^ C{S^) — > 0. 

Here a is the so-called symbol map defined by mapping z to the unitary generator u of the algebra 
C{S^) of continuous functions on a circle. Note that the kernel of the symbol map is the algebra 
JC of compact operators. 

Viewing as the unitary group f/(l), we obtain a compact quantum group structure on the 
algebra C{S^). Here the antipode is determined by S{u) = u^^, the counit by e{u) = 1, and 
finally the comultiplication by A(m) = u0 u. Using this Hopf- algebraic terminology on the C*- 
level makes sense due to the commutativity of C{S^). The coaction of C{S^) on T comes from 
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the gauge action of U (1) on T that rescales z by the elements of U{1), i.e., z i— > \z. Explicitly, 
we have: 

(69) p:T ^ T®C{S^) ^ C{S\ T), p{z) := z®u, piz){\) = \z, p{t) =: 
Next, we employ the multiplication map m of C{S^) and the flip map 

(70) c(5^) ® r^" 9 / ® ti ® ■ ■ ■ ® t„ ^ ti ® ■ ■ • ® t„ ® / G r®" ® cis^) 

to extend p to the diagonal coaction p„ : T®" — > T®" C{S^) defined inductively by 

(71) pi = p, pn+i = (idr®n+i ®m) o (idr ®r„ (g) idc(5i)) o (p (g) pn). 

Furthermore, for all ^ i < j ^ A^, we define an isomorphism 

(72) xi°^° xr+i : ® c{s') ® r®^— 1 ^ r®^--i ® ^(5^) ® r®^-^' . 

Here Xj is given by 

(73) idr®.-i ®r^i,- : T®^"' ® 0(3') ^ T^^-' ® 0(3') ® T®^-^^ 
and ^ by 

(74) (idr«iv-i ®(S o m)) o (p^y-i ® idc(5i)) : T^^'' ® ^ T^^'' ® 

Before proceeding further, let us prove the unipotent property of \1', which we shall need later 
on. 

Lemma 3.1. \1> o \1/ = id7-®]v-i^c'(5i) 

Proof. For any <S)i<i<N U ® h e T®^ ® C{3^), we compute: 




(75) = (^U^h. 

l^i<N 

□ 

Finally, to justify our construction of a quantum complex projective space, observe that the 
map can be easily seen as an analogue of the puUback of the map Tij of (|42l) . 
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Definition 3.2. We define the C*-algebra C(P^(T)) as the limit of the diagram: 
... i ... j 

tj-^N . . . q-^N . . . q-igiN 
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N 



Here := id^^fc-i ®ct ® id^-^iv-fc. We call P^(T) a Toeplitz quantum complex projective 
space. 

Note that by definition C{F^{T)) C Hilo^®^- We will denote the restrictions of the 
canonical projections on the components by 

(76) 7ri:C(P^(r)) — > T^^ , V z G {0, . . . , A^}. 

Since these maps are C*-homomorphisms, the lattice generated by their kernels is automatically 
distributive. On the other hand, it follows from Lemma [34] that any element in the Toeplitz cube 
q-m complemented into a sequence that is an element of C(P^(T)). This means that 

the maps (1761) are surjective. Hence they form a covering of C(P^(T)). By Theorem 12. 131 this 
covering gives rise to the following sheaf of C*-algebras: 



(77) 



0p(P°°(Z/2)) Ci¥^ir))/R^{U) 



In particular, F{Ki) = T®^ and F{Ki n 



T®^~^ ® C{S^) ® T®^-i for all i and 



Furthermore, F{Ki U Kj) is isomorphic to the puUback of two copies of T®^: 
(78) F{Ki U Kj) 



*ijO(Ti + l 



The construction of P^(T) is a generalization of the construction of the mirror quantum 
sphere fi20i, p. 734], i.e., P^(T) is the mirror quantum sphere: 



(79) 



C{F\T)) := {(to,ti) G T X T I (T(to) = ^(^(ti))}- 



Removing S from this definition yields the C*-algebra of the generic Podles sphere [|32|. The 
latter not only is not isomorphic with C(P^(T)), but also is not Morita equivalent to C(P^(T)). 
We conjecture that, by similar changes in maps "^ij, also for > 1 we can create non-equivalent 
quantum spaces. 
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3.2. The defining covering lattice of P^(T) is free. 

The goal of this subsection is to demonstrate that the distributive lattice of ideals generated by 
ker TTj's is free. To this end, we will need to know whether the tensor products T®^ of Toeplitz 
algebras glue together to form P^(T) in such a way that a partial gluing can be always extended 
to a full space. The following result gives the sufficient conditions: 

Proposition 3.3. [fT2l Prop. 9] Let {-Bi}ie{o,...,Ar} and {-Bij}j,jG{o,...,Af},j^i be two families of C*- 
algebras such that Bij = Bji and let {tt* : Bi Bij}ij be a family of surjective C*-algebra 
maps. Also, let iii : B ^ Bi, ^ i ^ N, be the restrictions of the canonical projections on the 
components, where B := ^ Ili-^* I = ^i(^i)}- Assume that 

(1) 7r](ker7r^) = 7r/(ker7r^), 

(2) the isomorphisms : Bi/ (ker tt* + ker tt^) — > Bij/n^jikei tt^) defined as 

bi + ker vr] + ker vr^ i — > tt* (bi) + tt] (ker vr^) 

satisfy 

I ik\ — l ki I — l ji I ik\ — l kj 

Then, if for / C {0, . . . , N} there exists an element {bi)i^i G Yliei ^^'^^ ^b.at 'n^jipi) = vr^ (bj) 
for alii, j G /, there also exits (ci)jg{o,...,Af} ^ Yli&io N}Bi ^^^^ that iTj{ci) = nl{cj) for all 
i,j G {0, . . . , A^} and Ci = bifor all i E I. 

In the case of quantum projective spaces P^(T), we can translate algebras and maps from 
Proposition 13. 3 1 as follows: 

(80) Bi = r®^, Bij = T®^-^ ® C{S^) ® r®^-^ where i < j, 

aj when i < j, 
<iJji o (Tj+i when i > j. 



(81) TT 

It follows that 

(82) kervr!. 



ker aj = T^^'^ ® /C ® T®^"^' when i < j, 
ker aj+i = T®^ ® K ® T^^-i-i when i > j. 

Since p(/C) C /C (g) C{S^) and ^ is an isomorphism by Lemma [STTl it follows that 

(83) ^(T^J'-i ® /C ® T^^-i-^ ® dS')) = T^'-^ 0}C0 T^^-^-^ ® 0(8'). 

Now we can formulate and prove the following: 

Lemma 3.4. If{bi)i(zi G Hig/cio n} satisfies Ti]{bi) = nl {bj)for all i,jel,ij^ j, then 
there exists an element b G C(P^(T)) such that TTi{b) = bifor all i E I. 

Proof. It is enough to check that the assumptions of Proposition l3.3l are satisfied. For the sake of 
brevity, we will omit the tensor symbols in the long formulas in what follows. We will also write 
S instead of C(S'^ ) . Here we prove the first condition of Proposition l3.3[ 
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(1) 7r,^(ker TT^) = {xj °^ ° Xi+i ° (7,+i)(ker (Xfe+i) 

= T'^-^lCTi-^-^ST^-^ = ajikerak) = 7ri(ker7r^), when i<k<j. 

(2) vr^ker vr^) = (x, o ^ o xT^, o a,+i)(ker a,) = (x, o v]/ o x-+\)(r^5r^— ^/CT^-^) 
when i < j < k. 

(3) 7r,^(ker TT^) = {xj o ^ o Xi+i o ai+i)(ker fXfc+i) 

= iXj ° ^ o x7+i){T^}^T'-''-^ST^-'-^) = Xj{T''ICT^-''-^S) = T^K.T^-'^-'^ST^-^ 
= (Tj(ker (Tfc+i) = 7r*(ker 7r|.), when k < i < j. 

For the second condition, note first that for any multivalued map f : Bj ^ Bi, we define the 
function 

[f]^ : B./ikernl + ker vr^) Bjiken^] + ker 4), 
(84) hj + ker vr^' + ker tt^ i — > f{bj) + ker ttJ + ker tt^. 

whenever the assignement (f84l) is unique. In particular, since the condition (1) of Proposition [3]3] 
is fulfilled, we can write the map := (vr^-')"^ o nj! as [(tt*)"^ o nlf^ . Explicitly, in our case, 
this map reads: 



(85) = ^ 



^^i+i ° Xj+i o ^ o o when i > j. 



ij _ ) [<^j ^oxjo^o x,l^ o (y,+i\l when I < J, 

k 

We need to prove that 



(86) <^^^ = 0fo0f^ foralH,j,fc. 

Since (0^"')"^ = 0'^*, one can see readily that it is enough to limit ourselves to the case when 
i < k < j. Indeed, e.g., ifi<j<k then the equation (f86l) follows directly from ^^'^ = 0^-' o 0^^. 

by [0i<n<;iv ^"life- Then, using the Heynemann-Sweedler notation for completed tensor product, 
we compute: 

<pK[ <S) -J = ° X. ° ^ ° ° (8) L 

l<n<V l<n<Af 



Next, let us denote the class of (ti (g) ■ ■ ■ (g) tj^) = <S>i<n<N e T'^^ in T®7(ker vr,^ + ker vrf 



(a7iox,ovI/)((g)t„®a(t,+i))]^.^ 



(87) = ® (a-i o S){a{U^,) n CO ® (g) 
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Applying the above formula twice (with changed non-dummy indices), we obtain: 



('^f ° <^?)([ (8) tnt) = <Pf{l0t(^^ ® o S){a{t,^^) n tg^) ® (g) tf%) 
(88) ® (g) ® ((a- o n ^^^))^°^ ® (g) 

Now, as (T~^ : C{S^) — > T//C is colinear, 5" is an anti-coalgebra map, and A is an algebra 
homomorphism, we can move the Heynemann-Sweedler indices inside the bold parentheses: 

[ (g) (°)®(a-o5)(a(e)^(-(t..i)^^) n ^^^^^0 n 4°^^^^) 



(89) ® ® (a- o 5)(a(t.^0^^^ H ^^^^^'0 ® ® ^, 



(0)(0) 



jfc' 



Here we can renumber the Heynemann-Sweedler indices using the coassociativity of A. We can 
also use the anti-multiplicativity of 5" to move it inside the bold parentheses in the first line of the 
above calculation. Finally, we use the commutativity of C{S^) in order to reshuffle the argument 
of a'^ o S 'va the first line to obtain: 

[ (g) tr^(a-o5)(a(e)^(e)^(^(^^+i)^^^) n 

w^k+1 

(90) ® (g) ® {a-^ o S){a{t,^,fhf_i, H ® (g) t 



(0) 



jk' 



We can simplify the expression in the bold parentheses in the first line using h^^^S{h^'^^) — s{h) 
and £(/i*^^))/i*^^) = h. This results in: 

[ (g) e^®(^-^o5)(a(e)^(e)^(^(^^+i)^^^)) 

(91) (g) ® (a- o n ® (g) ^iij.- 

m^i-\-l 

By the colinearity of a, we can substitute in the above expression 

(92) aih+if^ «) ^ ® 4'^, 
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to derive: 



(93) ® (g) ® {a-^ o ^)(4^ia(t.+i)^^^ n ^™ ) ® (8) 



m7^z + l 



Applying again the antipode and counit properties yields the desired 

t(f)®(a-o5)(5(a(e))) 



® 4t ® (g) ® (--^ o n ® (8) 



s }jk 



nj^i-\-l m^k+l 



jk 



(94) =^{i (g) 



□ 



As an immediate consequence of Birkhoff's Representation Theorem (see our primer on 
lattices for more details), one sees that two finite distributive lattices are isomorphic if and 
only if their posets of meet irreducibles are isomorphic. In particular, consider a free distribu- 
tive lattice generated by Aq, . . . , Aat. It is isomorphic to the lattice of upper sets of the set of 
all subsets of {0, ... , N} (e.g., see [19, Sect. 2. 2]). The elements of the form Aj, where 
7^ / C {0, . . . , N}, are all distinct and meet irreducible. The first property can be deduced 
from the upper-set model of a finite free distributive lattice, and the latter holds for any finite 
distributive lattice. Indeed, suppose the contrary, i.e., that there exists a meet-irreducible element 
whose any presentation Vaea Aiea ^^^^ ^^^^ there is a set ao G a that contains at least two 
elements. Now, the finiteness allows us to apply induction, and the distributivity combined with 
irreducibility allows us to make the induction step yielding the desired contradiction. Further- 
more, using again the upper-set model of a finite free distributive lattice, one can easily check 
that the partial order of its meet-irreducibles elements is given by 

(95) \/KK\J^j ifandonlyif / C J, V /, J ^ 0, /, J C {0, . . . , A^}. 

iei jeJ 
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Summarizing, we conclude that in order to prove that a given finitely generated distributive lattice 
is free it suffices to demonstrate that the joins of generators { Vie/ -^^ } 0^/c{o a^} distinct, 
meet irreducible, and satisfy (|95] ). 

Lemma 3.5. For any nonempty subsets I, J {0, . . . , A^}, the ideals O^^j ker tTj are all distinct, 
and we have 

ker VTj 3 1^ ker ttj if and only if I (1 J. 

i&I j€J 

Proof. The "if '-implication is obvious. For the "only if '-implication, take ^ x E K,®^ and, 
for any nonempty /C{0,...,A^}, define 



(96) x_f := (xj)i6{o,...,Ar} e P|ker vTi, where 



•" 



X if z ^ /, 



Let /, J C {0, . . . , N} be nonempty, and assume that / \ J is nonempty. Then it follows that 

(97) xj e (^Q ker vr, j \ ker n}j ^ 0. 

This means that flje J 2 Hie/ ker tTj, as desired. It follows that f]-^j ker tTj are all distinct. 

□ 

Lemma 3.6. The ideals ker tTj are all meet (sum) irreducible for any 7^ / C {0, . . . , A^}. 

Proof. We proceed by contradiction. Suppose that ker vTj is not meet irreducible for some 
^ J C {0, . . . , A^}. By Lemma[331 H^e/ ker vr, ^ {0} because / ^ {0, . . . , A^}. Hence there 
exist ideals 

(98) n^^^^i' ^ 2^°- '^>, // G {1,2}, 
such that 

(99) 1^ ker tTj = ai + 02, and ai, 02 7^ ker tTj. 

In particular, C (^^^^ ker tTj, yU G {1,2}. On the other hand, if / G J7^, then 3 P| .^^^ ker tTj. 
Hence = f^^g^ ker tTj, contrary to our assumption. It follows that, if .^^^ ker vr^ is not meet 
irreducible, then 

(100) Pi ker TTi = ^ Pi ker ttj , for some J C 2^°- '^> \ {/}. 
iel JeJjeJ 

Suppose next that / \ Jq is nonempty for some .Jq G J^, and let A; G / \ Jq- Then 

(101) {0} = nk I QkerTTi J = vr J ^ Q ker tt, J ^ tt J Q kervr, J . 

Vie/ / \jeJj£J / VjeJo / 
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However, by Lemma [33] we see that (flje /o '^k is nonempty. Hence 7rfc(f]^g ker : 

is not {0}, and we have a contradiction. It follows that for all Jq E J the set / \ Jq is empty, i.e.. 



Finally, let m G {0, . . . , iV} \ /, and let 
(102) :=ti®---®tjv, where 7^ t„ G | 



/C if m<nElorm>n — lEl, 
T\/C if m<n^I or m>n — 1^1. 



Note that vr^(T^) = if and only if A; G /. Hence, by Lemma[Ml there exists pm E 7r.m^(T^) n 
f^.g^ ker TVi. Next, we define 



(103) :=/i®...®/jv, where /„ : = 



id^- if rriKnEl or 'm>n — IeI, 
a if m<n^I or m>n — 1^1, 



so that cr7'(7rm(Pm)) 7^ 0. On the other hand, by our assumption (llOOl) . and the property that 
Jo ^ I for all Jo £ we have 

(104) ^ e fl ker VTi C ^ Pi ker ttj. 
Furthermore, for any x E C(P^(T)), we have 

(105) a7(7r„(a;)) = if vrf (7r„(x)) = for some k ^ I. 
Now, for any J^I,we choose kj E J \ /, so that 

(106) 7r-(vr„( fj kervr,)) C vr^-' (ker vr,, ) ) = {0}. 

Combining this with (|105l) . we obtain cr]"(7rm(njgjD/ker7rj)) = {0} for all J D I. Conse- 
quently, o-Ti''^rniJ2jDi CljeJ ^j)) ^ i*^}' which contradicts (11041) . and ends the proof. □ 

Summarizing, Lemma [331 and Lemma [X6] combined with the Birkhoff Representation The- 
orem yield the second main result of this paper: 

Theorem 3.7. Let C (P^(T)) C Hilo C*-algebra of the Toeplitz quantum projective 

space, defined as the limit of Diagram (13.21) . and let 

7r,:C(P^(T))^r^^, 2G{0,...,iV}, 

be the family of restrictions of the canonical projections onto the components. Then the family 
of ideals {ker tTjI ^ i ^ A^} generates a free distributive lattice. 



3.3. Other quantum projective spaces. In the Introduction, we compare our construction of 
quantum complex projective spaces with the construction coming from quantum groups. Let us 
complete this picture and end by describing other noncommutative versions of complex projec- 
tive spaces that we found in the literature. 
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3.3.1. Noncommutative projective schemes. Projective spaces a la Artin-Zhang iHl and Rosen- 
berg [133]| are based on Gabriel's Reconstruction Theorem [fT5l Ch. VI] (cf. Il34ll ) and Serre's 
Theorem [[361 Prop. 7.8] (cf. [|T8l Vol. II, 3.3.5]). The former theorem describes how to recon- 
struct a scheme from its category of quasi-coherent sheaves. The latter establishes how to obtain 
the category of quasi-coherent sheaves over the projective scheme corresponding to a conical 
affine scheme. First, one constructs a graded algebra A of polynomials on this conical affine 
scheme and then, according to Serre's recipe, one divides the category of graded A-modules by 
the subcategory of graded modules that are torsion. Such graded algebras corresponding to pro- 
jective manifolds have finite global dimension, admit a dualizing module, and their Hilbert series 
have polynomial growth. All this means that they are, so called, Artin-Schelter regular alge- 
bras, or AS-regular algebras in short [121 (cf. [|3l). This property makes sense for algebras which 
are not necessarily commutative, so that we think about noncommutative algebras of this sort 
as of generalized noncommutative projective manifolds. One important subclass of such well- 
behaving algebras are Sklyanin algebras [[381 . Among other nice properties, they are quadratic 
Koszul, have finite Gelfand-Kirillov dimension f3T[, and are Cohen-Macaulay [28]. Another 
class of AS-regular algebras worth mentioning is the class of hyperbolic rings [33J, which are 
also known as generalized Weyl algebras [6], or as generalized Laurent polynomial rings [TS]. 

3.3.2. Quantum deformations of Grassmanian and flag varieties. In [|4T1| . Taft and Towber de- 
velop a direct approach to quantizing the Grassmanians, or more generally, flag varieties. They 
define a particular deformation of algebras of functions on the classical Grassmanians and flag va- 
rieties using an explicit (in terms of generators and relations) construction of affine flag schemes 
defined by Towber [[421 l43l . Their deformation utilizes g-determinants W\\ Defn. 1.3] (cf. [|23l 
pg. 227] and ["25^, pg.312]) used to construct a g-deformed version of the exterior product [[411 
Sect. 2]. This yields a class of algebras known as quantum exterior algebras [7]. These quantum 
exterior algebras are different from Weyl algebras or Clifford algebras. They provide counter 
examples for a number of homological conjectures for finite dimensional algebras, even though 
they behave well cohomologically. See [jTl Sect. 1] for more details. 
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